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Lifting-Line Analysis for Twisted Wings
and Washout-Optimized Wings

W. F. Phillips*
Utah State University, Logan, Utah 84322-4130

A more practical form of the analytical solution for the effects of geometric and aerodynamic twist (washout) on
the low-Mach-number performance of a finite wing of arbitrary planform is presented. This infinite series solution
is based on Prandtl’s classical lifting-line theory and the Fourier coefficients are presented in a form that only
depends on wing geometry. The solution shows that geometric and aerodynamic washout do not affect the lift slope
for a wing of any planform shape. This solution also shows that any wing with washout always produces induced
drag at zero lift. Except for the special case of an elliptic planform, washout can be used to reduce the induced drag
for a wing producing finite lift. A relation describing the optimum spanwise distribution of washout for a wing of
arbitrary planform is presented. If this optimum washout distribution is used, a wing of any planform shape can
be designed for a given lift coefficient to produce induced drag at the same minimum level as an elliptic wing with

the same aspect ratio and no washout.

Nomenclature

coefficients in the infinite series solution to the
lifting-line equation

planform contribution to the coefficients in the infinite
series solution to the lifting-line equation

wingspan

washout contribution to the coefficients in the infinite
series solution to the lifting-line equation
induced-drag coefficient

lift coefficient

design lift coefficient

wing lift slope

airfoil section lift slope

wing section chord length

wing aspect ratio

wing taper ratio

magnitude of the freestream velocity

spanwise coordinate

geometric angle of attack relative to the freestream
aro = airfoil section zero-lift angle of attack
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' = spanwise section circulation distribution

y: = strength of shed vortex sheet per unit span

gq = washout effectiveness

0 = change of variables for the spanwise coordinate

kp = planform contribution to the induced-drag factor
kpr = lift-washout contribution to the induced-drag factor
Kp, = optimum induced-drag factor

kpo = washout contribution to the induced-drag factor

k; = lift slope factor

€ = maximum total washout, geometric plus aerodynamic
Qo = optimum total washout to minimize induced drag
w = normalized washout distribution function

Introduction

RANDTL’S classical lifting-line theory!? can be used to obtain
an infinite series solution for the spanwise distribution of vor-
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ticity generated on a finite wing. If the circulation about any section
of the wing is I'(z) and the strength of the shed vortex sheet per
unit span is y;(z), as shown in Fig. 1, then Helmholtz’s vortex theo-
rem requires that the shed vorticity is related to the bound vorticity
according to

@ = dar
V(2) = 4z
For a finite wing with no sweep or dihedral, combining this relation
with the circulation theory of lift produces the fundamental equation
that forms the foundation of Prandt!’s lifting-line theory:

2r@ , Cua /”2 1 (d_F> dc
R AN

Voo (2) 4V
= Cpola(z) — aro(2)] 2

In Eq. (2) o and «y are allowed to vary with the spanwise coor-
dinate to account for geometric and aerodynamic twist, such as the
examples shown in Fig. 2. For a given wing design, at a given angle
of attack and airspeed, the planform shape, airfoil section lift slope,
geometric angle of attack, and zero-lift angle of attack are all known
functions of spanwise position. The only unknown in Eq. (2) is the
section circulation distribution I"(z).

An analytical solution to Prandtl’s lifting-line equation can be
obtained in terms of a Fourier sine series. From this solution the
circulation distribution is given by

(¢Y)

T@®) =2bVy, Z A, sin(né) 3)

n=1
where

6 = cos™!(—2z/b) 4)
and the Fourier coefficients A, must satisfy the relation

ZA,,[1+ CL“ ® )i|sin(n9)=

n=1 in(6)

Croc@[a®) — ar0(0)]
4b
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From this circulation distribution, the resulting lift and induced-drag
coefficients for the finite wing are found to be
CL =R AAI (6)
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Fig. 1 Prandtl’s model for the bound vorticity and trailing vortex sheet
generated by a finite wing.

allel to r
S root chord

T geometric twist angle (geometric washout)
for geometric washout, tip chord is at lower angle of attack than root chord

unswept quarter-chord line
root section

local zero-lift angle of attack decreased
as a result of flap deflection

tip section has the same camber as the root section

< local zero-lift angle of attack variation as X
a result of asymmetric aileron deflection

Fig. 2 Examples of geometric and aerodynamic twist.

Historically, the coefficients in this infinite series solution have usu-
ally been evaluated from collocation methods. Typically, the series is
truncated to a finite number of terms and the coefficients in the finite
series are evaluated by requiring Eq. (5) to be satisfied at a number
of spanwise locations equal to the number of terms in the series. A
very straightforward method was first published by Glauert.> The
most popular method, based on Gaussian quadrature, was originally
developed by Multhopp.* Most recently, Rasmussen and Smith’ pre-
sented a more rigorous and rapidly converging method, based on a
Fourier series expansion similar to that first presented by Lotz® and
described by Karamcheti.’

The general lifting-line solution expressed in the form of
Egs. (3-7) is cumbersome for evaluating traditional wing proper-
ties, because the Fourier coefficients depend on angle of attack and
must be reevaluated for each operating point studied. For a wing
with no geometric or aerodynamic twist, « and ez are independent
of 6 and the Fourier coefficients in Eq. (5) can be written as?

Ay = ay(0 — aro) ®
which reduces Eq. (5) to

X 4p n .
Zan 7 4 sin(nf) = 1 )
[Cmc(e) sm(G)}

n=1

The Fourier coefficients obtained from Eq. (9) are independent of the
angle of attack and only depend on the airfoil section lift slope and
wing planform. Using Eq. (8) in Egs. (6) and (7), the lift and induced-
drag coefficients for a wing with no geometric or aerodynamic twist
can be written as follows:

CL,a (@ —aro)

L= = (10)

I+ Cro/mRA)(1 + k1)
Cc2(1
i = L) (an
TR,
where

1—(+47Rs/C

) = (I+7Rs/CL o)y (12)

(1 +NRA/6L,a)al
00 2
Kp = Zn<Z—]> (13)
n=2

For a detailed presentation of Prandtl’s lifting-line theory see
Refs. 8-12.

Solution for Wings with Geometric
and Aerodynamic Twist

For a wing with geometric and/or aerodynamic twist, the aerody-
namic angle of attack, o — &y, is not constant along the span and
the relation given by Eq. (8) cannot be applied. Because geometric
and aerodynamic twist enter the lifting-line formulation only as a
sum, we need not distinguish between these two types of twist. To
avoid repeated use of the lengthy and cumbersome phrase geomet-
ric and aerodynamic twist, in the following presentation the words
twist and washout will be used synonymously to indicate a span-
wise variation in either the local geometric angle of attack or the
local zero-lift angle of attack. Washout is treated as positive at those
sections with a lower aerodynamic angle of attack than the root,
and negative at those sections with a higher aerodynamic angle of
attack than the root.

The procedure commonly used for lifting-line analysis of twisted
wings is based on Eqgs. (3—7) and requires evaluating separate sets
of the Fourier coefficients A, for more than one angle of attack.
Because the unstalled lift coefficient is a linear function of angle of
attack, the wing lift slope and zero-lift angle of attack for a finite
twisted wing can be determined by evaluating only two sets of co-
efficients A,, one set for each of two different angles of attack.
However, as pointed out by Karamcheti,” the induced-drag coeffi-
cient for a twisted wing is not a linear function of the lift coefficient
squared, as it is for an untwisted wing. Thus, to obtain the induced-
drag polar for a twisted wing using this procedure, several sets of
the Fourier coefficients A, are determined over a range of angles of
attack. Bertin® as well as Kuethe and Chow'! present the details of
this procedure together with example computations.

Glauert® authored the first textbook to present a lifting-line anal-
ysis for twisted wings. In this work, he considered only the rect-
angular planform with a linear spanwise symmetric variation in
washout. In the 1930s and 1940s this type of analysis became quite
commonplace (see, for example, Refs. 13-21). In addition to mod-
eling a continuous variation in twist along the span of a finite wing,
lifting-line theory has also been used to evaluate the spanwise lift
distribution resulting from a step change in aerodynamic angle of
attack, which is caused by the deflection of partial span trailing-
edge flaps and ailerons.??>~2® Because a fairly large number of terms
must be carried to adequately represent the Fourier expansion of
a step function, lifting-line analysis for wings with deflected flaps
and ailerons was extremely laborious prior to the development of
the digital computer. This labor was amplified by the fact that the
procedure required evaluating a complete set of Fourier coefficients
for each angle for attack and flap deflection angle investigated.
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A more practical form of the lifting-line solution for twisted wings
can be obtained by using the simple change of variables

a(0) —apo®) = (@ — dro)roor — QL (6) 14
where €2 is defined to be the maximum total washout, geometric
plus aerodynamic,

Q= (@ — dro)root — (@ — L0)max (15)
and w () is the washout distribution normalized with respect to the
maximum total washout:

a(0) —aro(@) — (@ — aro)root

w(@) = (16)

(Ol - aLO)max - (O[ - O[L())rom

The normalized washout distribution function w(6) is independent
of angle of attack and varies from 0.0 at the root to 1.0 at the point
of maximum washout, commonly at the wingtips.

Using Eq. (14) in Eq. (15) gives

EA [1 +n C“‘ Eei]sin(né)

_ Crac(0)
T 4

The Fourier coefficients A, in Eq. (17) can be conveniently written
as

[(@ = aro)roor — L0 (0)] a7

An =day (a - OlLO)rom - an (18)
where the Fourier coefficients a, and b,, are obtained from
i P i) =1 (19)
ay| =——— - sin(nf) =
= [ CpLac(®)  sin@)

ibn[iJr - }sin(n9)=w(9> (20)
C qoc(9)  sin(®)

n=1

Comparing Eq. (19) with Eq. (9), we see that the Fourier coefficients
in Eq. (19) are those corresponding to the solution for a wing of the
same planform shape but without washout. The solution to Eq. (20)
can be obtained in a similar manner and is also independent of angle
of attack.

Truncating the series, the first N Fourier coefficients b, can be
obtained by enforcing Eq. (20) at N different spanwise cross sections
of the wing. With the first and last sections located at the wingtips
and the intermediate sections spaced equally in 6, this gives the
following system of equations:

a [ 4b n } .
Zb,, — = sin(n;) = w(6;)
Cpqc(6;)  sin(9;)

n=1

(i —Dr

0 = ———, i=1,N
N-—-1
After applying the following relations at the wingtips, 6 =0 and
0=m,
|:sin(n9)]
- =n
sin(6) P
sm(n9) — (_])tH»ln
sin(0) 0
we have

XN:bnnz = w(0)

n=1

N
4b n .
bn — + — 51n(n9,-) = 0)(9,)
nel CL,aC(g[) Sln(ei)

e,-:%, i=2,N—1
N
D b= = () 1)

n=1

This N x N system is readily solved for the N Fourier coefficients
b,. It should be noted that the matrix obtained for the coefficients
of b, on the left-hand side of Eq. (21) is exactly the same as that
obtained from Eq. (19) for determination of the Fourier coefficients
a,. Thus, this matrix needs to be inverted only once. To obtain the
planform Fourier coefficients a,,, the N x N inverted matrix is mul-
tiplied by an N component column vector with all components set
to 1. Multiplying the same N x N inverted matrix by an N compo-
nent column vector obtained from the washout distribution function
yields the Fourier coefficients b,. If both the wing planform and
washout distribution function are spanwise symmetric, all of the
even Fourier coefficients in both a, and b, will be zero. However,
carrying both the odd and even Fourier coefficients and distribut-
ing the collocation points over both sides of the wing allows for
the analysis of asymmetric twist, such as that produced by aileron
deflection. With modern tools, the added computational burden is
insignificant.

Other methods of evaluating the Fourier coefficients>° could also
be used. As was shown by Bertin,’ the different methods give similar
accuracy for a given truncation level and produce identical results
when the number of terms carried from the infinite series becomes
large. The results obtained from the present analysis do not depend
on the method used to evaluate the Fourier coefficients, provided that
a sufficient number of terms are carried. With today’s technology,
100 to 1000 terms in the infinite series can be evaluated as fast as
the result can be written to the screen. Thus, carrying more terms in
the Fourier series is the easiest way to improve accuracy.

Using Eq. (18) in Eq. (7), the lift coefficient for a wing with
washout can be expressed as

CL=7RyA, = Rylar(@ — aro)roor — D1€2] (22)

Using Eq. (18) in Eq. (7), the induced-drag coefficient is given by

o0

Cpi =7Ry Y nA2=mRyla(@ — aro)po — bi QI

n=1

o0

+ 7R Z nla, (@ — atro)wot — a2

n=2

or, in view of Eq. (22),

C2 c 2 2
CD,' = JTRA + JTRA ;n[an(a — aLO)root
- 2anbn ((X - O[LO)motS2 + bigz] (23)
Equations (22) and (23) can be algebraically rearranged to yield
CL = CL,oz[(a - c(LO)mm - EQQ] (24)
Cp: = Ci(l +«p) —kprCrCr o2 + KDQ(CL,aQ)2 (25)
7TRA
where
CrLa
CLo =7Rya1 = L (26)

(14 Cro/T R + k1)
1—(1+7R,y/Cro)a

KL = /oL, 27)
(I+7RA/CL o)y
b
£q = — (28)
aj
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I
Kp = E }’la—lz (29)
by~~~ a, (b, a,
=2— E —— - — 30
ot ap nal <b1 al) 30)
2
2 oo 2
b] b,, a,
=|— — - — 31
KpQ <a1> nE: n(bl al) (€29)

Comparing Eqgs. (24-31) with Eqs. (10-13), we see that washout
increases the zero-lift angle of attack for any wing. However, the
lift slope for a wing of arbitrary planform shape is not affected by
washout. Equations (24), (26), and (27) show that the lift slope for a
twisted finite wing depends only on the airfoil section lift slope, the
wing aspectratio, and the first Fourier coefficient in the infinite series
obtained from Eq. (19). From examination of Eq. (19), it is seen that
the Fourier coefficients a,, depend only on wing planform and airfoil
section lift slope. No approximation was made in the development
of these equations beyond those that are already included in Eq. (2),
which is the foundation for all lifting-line theory. Thus, lifting-line
theory will always predict that the lift slope for an unstalled finite
wing is independent of geometric and aerodynamic twist.

Also notice that the induced drag for a wing with washout is not
zero at the angle of attack for which the wing develops zero net
lift. In addition to the usual component of induced drag, which is
proportional to the lift coefficient squared, a wing with washout
produces a component of induced drag that is proportional to the
washout squared and this gives rise to induced drag at zero net
lift. There is also a component of induced drag that varies with the
product of the lift coefficient and the washout. The induced drag,
which is produced on a twisted wing at zero net lift, still results
from the production of lift on the wing. For a wing with geometric
or aerodynamic twist, there is no global angle of attack for which
the wing carries zero lift over all segments of its span. When the net
lift on a twisted wing is zero, some spanwise segments of the wing
are carrying positive lift while other spanwise segments are carrying
negative lift. Induced drag is generated as a result of the production
of this lift, even though the negative lift exactly balances the positive
lift so that no net lift is generated by the wing.

Elliptic Wings with Linear Washout

An elliptic wing with no geometric or aerodynamic twist provides
a planform shape that produces minimum possible induced drag for
a given lift coefficient and aspect ratio. The chord of an elliptic wing
varies with the spanwise coordinate according to the relation

c(z) = (4b/m Rp)+/1 — (22/D)?
or
c(0) = (4b/mt R4) sin(6) (32)
Using Eq. (32) in Egs. (19) and (20) yields
>, (ERA + n> sin(n6) = sin() (33)

L.a

n=1

> 7TRA . .
Z bn< AL n) sin(n6) = w(8) sin(0) (34)

L,a

n=1

The well-known solution to Eq. (33) is

Cra
a=—2% 4, =0, n#l (35)
JTRA+CL_U,

and the solution to Eq. (34) is given by the Fourier integral

b 2( Cra
" T NRA +I’l€L’a

) / w(0)sin(@) sin(nf)dd  (36)
0

For the case of linear washout, the normalized washout distribution
function is

w(z) =12z/b]  or  w(®)=|cos(®)| (37

Using Eq. (37) in Eq. (36) and applying the trigonometric identity
sin(260) =2 sin(0) cos(0) yields

1 C‘, /2
by = —| —&% f sin(26) sin(n6) do
TA\TRy +nCp 4 0

- / sin(20) sin(n6) de] (38)
/2

The integrals on the right-hand side of Eq. (38) can be evaluated
from

/ sin(m#) sin(n6) do
sin[(n —m)0]  sin[(n + m)0]
- n#m
_ 2(n — m) 2(n +m)
h g _ sin(2n8) _
2 an N
which yields

C‘L‘m ){M’ n#2

1
b,, = —<—~ 4—}’12
T JTRA + nCL,(, 0’ n=2 (39)

Using Egs. (35) and (39) in Egs. (27-31) gives

KL:(), KDZO, KDLZO

X [1( 7Ry +Cro \4sinmr/2)
Kpo = Zn = = 2
TATRy +nCp 4 n

n=3

eq = (4/37),

Using these results in Egs. (24) and (25), together with the relation
. of nm 1, for n odd
sin“| — | =
2 0, for n even

the lift and induced-drag coefficients for an elliptic wing with linear
washout are given by

4
CL = CL,a I:(O[ - aLO)root - _Qi|
3n

CM‘L.o(

= te (40)
1 + CL_D,/T[RA

L,a

CIZA + kpa(Cr 2)?
TR,
ﬂRA + Ch"L,ot

2
= ) (41)
TRy + Q2i+1)Cpy

e =) [Qi + 1) — 477>

= 16Q2i +1) <
i=1

From Eq. (41) it can be seen that linear washout always increases
induced drag for an elliptic wing. The variation of «po with aspect
ratio for an elliptic planform with linear washout and a section lift
slope of 27 is shown in Fig. 3. This solution is consistent with the
results presented by Filotas.?
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Fig. 3 Washout contribution to the induced-drag factor for elliptic
wings with linear washout.

Tapered Wings with Linear Washout

Whereas elliptic wings with no geometric or aerodynamic twist
produce minimum possible induced drag, they are more expensive
to manufacture than simple rectangular wings. The tapered wing
has commonly been used as a compromise. A tapered wing has a
chord that varies linearly with the spanwise coordinate according to
the following relation:

@) = ﬁ[l (1= Rp)22/b]]
or
()= —2 (- Rpleos@®)]  (@2)
Ra(l+ RD)

Using Eqgs. (37) and (42) in Egs. (19) and (20) yields the results for
a tapered wing with linear washout:

e { ZRA(1+RT) n
Do)z +<
Crqll—(1—Ryp)|cos(@)|] sin(@)

n=1

} sin(nf) =1

43)

ib{ 2R4(1+ Ry) Lo
n=1 ’ Cro[l— (1 —Ryp)|cos(@)]] sin(d)

} sin(nf) = | cos(6)|

(44)

The solution obtained from Eq. (43) for the Fourier coefficients
a, is commonly used for predicting the lift and induced-drag co-
efficients for a tapered wing with no geometric or aerodynamic
twist. This solution is discussed in most engineering textbooks on
aerodynamics.3~!? Figures 4 and 5 show how the lift slope and
induced-drag factors vary with aspect ratio and taper ratio for ta-
pered wings with no geometric or aerodynamic twist. In these and
all following figures an airfoil section lift slope of 27 was used.
The results shown in Fig. 5 have sometimes led to the conclusion
that a tapered wing with a taper ratio of about 0.4 always produces
less induced drag than a rectangular wing of the same aspect ratio
developing the same lift. As a result, tapered wings are commonly
used as a means of reducing induced drag. However, this reduc-
tion in drag comes at a price. Because a tapered wing has a lower
Reynolds number at the wingtips than at the root, a tapered wing
with no geometric or aerodynamic twist tends to stall first in the re-
gion near the wingtips. This wingtip stall can lead to poor handling
characteristics during stall recovery.

When interpreting the results shown in Fig. 5, it has proven easy
to lose sight of the fact that these results can be used to predict total
induced drag only for the special case of wings with no geometric
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Fig. 4 The lift slope factor for tapered wings.
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Fig. 5 Planform contribution to the induced-drag factor for tapered
wings.

or aerodynamic twist. This is only one of many possible washout
distributions that could be used for a wing of any given planform.
Furthermore, it is not the washout distribution that produces mini-
mum induced drag with finite lift, except for the special case of an
elliptic planform. When the effects of washout are included, it can be
shown that the conclusions sometimes reached from consideration
of only those results shown in Fig. 5 are erroneous.

The induced-drag coefficient for a wing with washout can be pre-
dicted from Eq. (25) with the definitions given in Eqs. (29-31). For
tapered wings with linear washout, the Fourier coefficients b, can
be obtained from Eq. (44) in exactly the same manner as the coeffi-
cients a, are obtained from Eq. (43). Using the Fourier coefficients
so obtained in Egs. (28), (30), and (31) produces the results shown
in Figs. 6-8. Notice from either Eq. (31) or Fig. 8 that xpg, is always
positive. Thus, the third term in the numerator on the right-hand side
of Eq. (25) always contributes to an increase in induced drag. How-
ever, from the results shown in Fig. 7, we see that the second term in
the numerator on the right-hand side of Eq. (25) can either increase
or decrease the induced drag, depending on the signs of xp, and .
This raises an important question regarding wing efficiency. What
level and distribution of washout will result in minimum induced
drag for a given wing planform and lift coefficient?

Minimizing Induced Drag with Washout

For a wing of any given planform shape with a fixed washout dis-
tribution function, the induced drag can be minimized with washout
as a result of the tradeoff between the second and third terms in the
numerator on the right-hand side of Eq. (25). Thus, Eq. (25) can be
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Fig. 7 Lift-washout contribution to the induced-drag factor for

tapered wings with linear washout.

Fig. 8 Washout contribution to the induced-drag factor for tapered
wings with linear washout.

used to determine the optimum value of total washout, which will
result in minimum induced drag for any washout distribution and
any specified lift coefficient. Differentiating Eq. (25) with respect
to total washout at constant lift coefficient gives

dCp; —kpLCrCpL o + ZKDgcz’aQ
N JTRA

082

From this result it can be seen that minimum induced drag is attained
for any given wing planform, c(z), any given washout distribution,

133

(z),and any given design lift coefficient, C 4, by using an optimum
total washout, Q,,; given by the relation

kpLCra

CL.a Qopl = (45)

ZKDQ

Because «p; is zero for an elliptic wing, Eq. (45) shows that an
elliptic wing is optimized with no washout. From consideration of
Eq. (45), together with the results shown in Figs. 7 and 8, we see that
tapered wings with linear washout and taper ratios greater than 0.4
are optimized with positive washout, whereas those with taper ratios
less than about 0.4 produce minimum induced drag with negative
washout. However, a taper ratio less than 0.4 with negative washout
would result in very poor stall characteristics and would not be
practical.

Using the value of optimum washout from Eq. (45) in the ex-
pression for induced-drag coefficient that is given by Eq. (25), we
find that the induced-drag coefficient for a wing of arbitrary plan-
form with a fixed washout distribution and optimum total washout
is given by

C.)C

c? K2
Cpi)opt = —=1 1 — 2L (2
( D )opl 7TRA|: +KD 4KDQ

_ @)%] (46)

From Eq. (46) it can be seen that a wing with optimum washout
will always produce less induced drag than a wing with no washout
having the same planform and aspect ratio, provided that the actual
lift coefficient is greater than one-half the design lift coefficient.
When the actual lift coefficient is equal to the design lift coefficient,
the induced-drag coefficient for a wing with optimum washout is

(Cpi)opt = (Ci/ﬂRA)(l + kDo), Kpo = Kp — (KéL/4KDQ)

47

For tapered wings with linear washout, the variations in kp, with
aspect ratio and taper ratio are shown in Fig. 9. For comparison, the
dashed lines in this figure show the same results for wings with no
washout. Notice that when linear washout is used to further optimize
tapered wings, taper ratios in the range of 0.4 correspond closely to
a maximum in induced drag, not to a minimum.

The choice of a linear washout distribution, which was used to
generate the results shown in Fig. 9, is as arbitrary as the choice of no
washout. Whereas a linear variation in washout is commonly used
and simple to implement, it is not the optimum washout distribution
for wings with linear taper. Minimum induced drag for a given finite
lift coefficient occurs when the right-hand side of Eq. (5) varies with
the spanwise coordinate in proportion to sin(f). This requires that
the product of the local chord length and the local aerodynamic angle
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Fig. 9 Optimum induced-drag factor for tapered wings with linear
washout.
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of attack, o — «y ¢, varies elliptically with the spanwise coordinate;
that is,

c@faz) —ar(@)] _ c@[a®) — aro(0)]

/1 — (2z/b)? N sin(0)

There are many possibilities for wing geometry that will satisfy this
condition. The elliptic planform with no geometric or aerodynamic
twist is only one such geometry. Because the local aerodynamic
angle of attack decreases along the span in direct proportion to the
increase in washout, Eq. (48) can only be satisfied if the washout
distribution satisfies the following relation:

c()[l — w(2)] _ c(O)[1 — w(9)]
V1= (z/b)? sin(6)

Equation (49) is satisfied by the spanwise washout distribution

V1 —(2z/b)? sin(9)

= Const  (48)

= Const 49)

wiz)=1—-——— or w@)=1——""=— (50)
C(Z)/CTOOI C(e)/CTOOI
For wings with linear taper, this gives
V1= (Q2z/b)?
w@) =1-— —/
1 — (1= Ryr)|2z/b|
or
in(0
@) =1— sin(6) (51)

1 — (1 — Rg)|cos(@)]

This washout distribution is shown in Fig. 10 for several values of
taper ratio. Results obtained for tapered wings with this washout
distribution are presented in Figs. 11-13.

When an unswept wing of arbitrary planform has the washout
distribution specified by Eq. (50), the value of kp, as defined in
Eq. (47) is always identically zero. With this spanwise washout dis-
tribution and the total washout set according to Eq. (45), an unswept
wing of any planform shape can be designed to operate at a given lift
coefficient with the same minimum induced drag as that produced
by an untwisted elliptic wing with the same aspect ratio and lift
coefficient. This optimum spanwise washout distribution produces
an elliptic spanwise lift distribution, which always results in uni-
form downwash over the wingspan and minimum possible induced
drag. For example, a rectangular wing requires an elliptic washout
distribution according to Eq. (51). With this washout distribution,
an aspect ratio of 8.0, and a section lift slope of 27, Egs. (29-31)
and (47) give

kp = 0.0676113, kpr = 0.1379367

kpe = 0.0703526, Kpo = 0.0000000
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0.5
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Fig. 10 Optimum washout distribution for wings with linear taper.
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Fig. 11 Washout effectiveness for tapered wings with optimum
washout distribution.
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Fig. 12 Lift-washout contribution to the induced-drag factor for
tapered wings with optimum washout distribution.

Similarly, a tapered wing of aspect ratio 8.0 and taper ratio 0.5 results
in

kp = 0.0171896, kpr = 0.0455690

kpe = 0.0302003, «p, = 0.0000000

These results were obtained by carrying a total of 99 terms in the
infinite series, that is, 50 of the nonzero odd terms.

Consider an unswept wing with linear taper having the washout
distribution given by Eq. (51). Using Eqs. (42) and (51) in Egs. (19)
and (20) yields

3 s+ S O
_ Crall = (1= Rp)cos(®)]] 2
2a;RA(1 + R7)
3 s+ L O
_ Crall = sin®) — (1 = Rr)|cos(®)]] 3

2b1RA(1 + Rr)
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Fig. 13 Washout contribution to the induced-drag factor for tapered
wings with optimum washout distribution.

To evaluate the induced drag for this wing we make use of the Fourier
expansions,

2 o0
= — | 2sin(@
7-[|: sm()—i—r;2

| cos(@)| = |:sm(9) + Z 2m+1- (D" sin[(2m + 1)9]i|

1 sin[(2m + 1)9]] 54

2m(m —|— 1)
(55)
and the trigonometric identities,

sin[(2m + 1)0] _ sin[(2m — 1)0]
sin(0) - sin(9)

+ 2 cos(2m#) (56)

2 cos(2mB) sin[(2n + 1)0] = sin[(2m + 2n + 1)6]
—sin[(2m — 2n — 1)6] 57)
Using Eqgs. (54) through (57) in Eqgs. (52) and (53), the Fourier

coefficients, b,, can be related to the Fourier coefficients, a,. The
result is

al—(l—al)ﬂ, forn =1
L 2(1+ RPR,
a,| 1+ # forn # 1
2(1 + Rr)Ry (58)

Applying Eq. (58) together with Egs. (26) and (29) to Egs. (30)
and (31), we find that a wing with linear taper and the washout
distribution specified by Eq. (51) results in

NéLa
=" 59
KpL (1+RT)CL,aKD (59)
~ 2
ﬂCLoz
=k 60
e (2(1 +RT)CL,C,> “ (60)

Using Egs. (59) and (60) in Eq. (25), the induced drag for a wing
with linear taper and the optimum washout distribution defined by
Eq. (51) can be written as

~ 2
C2 Kp 7TC’Lots2
Cpi = —% — |, — —— 61

PP TR, +]TRA|: L2104 Ry) D

From Eq. (61), we see that any wing with linear taper and the corre-
sponding optimum washout distribution specified by Eq. (51) pro-
duces the same minimum induced drag as an elliptic wing with no

twist, provided that the total washout is related to the lift coefficient
according to

2(1 + Rp)C
Qopt = M (62)
ﬂCL.a

A wing of arbitrary planform with an optimum washout distri-
bution produces exactly the same induced drag as an elliptic wing
with no washout, only while operating at the design lift coefficient.
Whereas an elliptic wing produces minimum possible induced drag
at all angles of attack, a washout-optimized wing of any other plan-
form will produce minimum possible induced drag only at the angle
of attack resulting in the design lift coefficient. However, a washout-
optimized wing of nonelliptic planform very nearly duplicates the
performance of an elliptic wing over a wide range of lift coefficients.
This is demonstrated in Fig. 14 by comparing the induced drag gen-
erated by washout-optimized rectangular and tapered wings with
that produced by an untwisted elliptic wing. Each of the three wings
used for this figure has an aspect ratio of 8.0 and the rectangular and
tapered wings are both optimized for a design lift coefficient of 0.4.
The rectangular wing requires an elliptic washout distribution with
4.64 deg of total washout at the wingtips. The tapered wing has a
taper ratio of 0.4 and uses the corresponding washout distribution
shown in Fig. 10, which has 3.25 deg of total washout at the wingtips
and maximum washin of 0.81 deg located at approximately 60% of

design operating point
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Fig. 14 Comparison of the induced drag produced by three wings of
aspect ratio 8.0; a rectangular wing and a tapered wing (R7 = 0.4), both
of which are washout-optimized for a design lift coefficient of 0.4, and
an elliptic wing without washout.
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Fig. 15 Comparison of the induced drag produced by three wings of
aspect ratio 4.0; a rectangular wing and a tapered wing (R = 0.4), both
of which are washout-optimized for a design lift coefficient of 0.4, and
an elliptic wing without washout.
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Fig. 16 Comparison of the induced drag produced by three wings of
aspect ratio 20.0; a rectangular wing and a tapered wing (Rt = 0.4), both
of which are washout-optimized for a design lift coefficient of 0.4, and
an elliptic wing without washout.

the semispan. Similar results for wings of aspect ratio 4.0 and 20.0
are shown in Figs. 15 and 16.

Conclusions

When the traditional form of the lifting-line solution is used for
wings with washout, the Fourier coefficients in the infinite series all
depend on angle of attack. Because these coefficients must be reeval-
uated for each operating point, this form of the solution is cumber-
some for evaluating traditional wing properties. A more practical
form of the lifting-line solution for finite twisted wings has been
presented here. This analytical solution is based on a change of
variables that allows the infinite series to be divided into two parts,
one series that depends only on planform and another series that
depends on both planform and washout. The Fourier coefficients in
both of these infinite series depend only on wing geometry and can
be evaluated independent of the angle of attack.

The present form of the lifting-line solution for twisted wings
shows that a wing of any planform shape can be optimized for any
given design lift coefficient to produce exactly the same induced
drag as an elliptic wing with no geometric or aerodynamic twist.
The lifting-line theory predicts that minimum possible induced drag
occurs whenever the product of local chord length and local aero-
dynamic angle of attack varies elliptically with the spanwise coor-
dinate. The traditional solution to satisfying this requirement is the
classic elliptic wing, which has a chord length that varies ellipti-
cally with the spanwise coordinate and constant aerodynamic angle
of attack. However, this is only one of many possibilities for wing
geometry that will satisfy the requirement for minimum possible in-
duced drag. Another obvious solution is a wing with constant chord
having a washout distribution that produces an elliptic variation in
aerodynamic angle of attack. By using the more general washout
distribution described in Eq. (50), together with the optimum total
washout specified by Eq. (45), a wing of any planform can be made
to satisfy the requirement for minimum possible induced drag.

Minimizing induced drag using both chord length and washout
variation provides greater flexibility than using chord-length varia-
tion alone. For example, the stall characteristics of a wing depend on
both the planform shape and the washout distribution. By using the
optimum washout distribution, minimum induced drag can be main-
tained at the design lift coefficient for any planform shape. Thus, an
additional degree-of-freedom is provided that can be used to help
control the stall characteristics or any other measure of performance
that is affected by wing planform and/or washout distribution.

From the results presented here, it can be seen that a wing of
any planform shape having no geometric or aerodynamic twist is
a special case of a washout-optimized wing. Except for the case
of an elliptic planform, a wing with no washout is optimized for a

design lift coefficient of zero. With the wing operating at any other
lift coefficient, washout could be used to reduce the induced drag at
low Mach numbers.
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